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Laminar Flow at the Trailing Edge of a Flat Plate

H. C. Chen* and V. C. Patel}
University of Iowa, Iowa City, lowa

Numerical solutions of the Navier-Stokes equations for laminar flow around and beyond the trailing edge of a
flat plate at a Reynolds number of 10° are presenied. The size of the computational domain has been varied over
a wide range to show that previous calculations of this type have employed domains which were too small to ob-
tain a domain-independent solution. The present large-domain solutions are compared with those obtained with
the triple-deck and interactive boundary-layer theories. Satisfactory agreement is found in regions of validity of
these theories. However, the present resuits are more complete insofar as they extend well into the asymptotic

wake.

I. Introduction

HE classical problem of incompressible laminar flow over

a flat plate aligned with a uniform stream has been the
subject of numerous investigations. When the Reynolds
number, R = UL /v, where U is the freestream velocity, L is the
plate length, and » is the kinematic viscosity of the fluid, is
large, the boundary layer on the plate is described by the
Blasius solution. However, it is well known that this solution
is not valid in the neighborhood of the leading and trailing
edges due to the breakdown of the approximations made in
boundary-layer theory. '

The flow over the trailing edge and in the near wake has
attracted much attention particularly since the formulation
of the triple-deck theory by Stewartson' and Messiter? for
the limiting case of R—oo. According to this theory, there
are three layers (decks) near the trailing edge, in each of
which the Navier-Stokes equations can be approximated in
different ways. For the case of a flat plate, numerical solu-
tions of the triple-deck equations have been presented by
Jobe and Burggraf,® Melnik and Chow* and Veldman and
van de Vooren,’ and since then, the triple-deck formulation
has been extended to asymmetric trailing edges, the flow in
the neighborhood of separation, shock boundary-layer in-
teraction, and even to turbulent flows.

Two other approaches have also been used in the treat-
ment of trailing-edge and near-wake flows. The first is the
classical approach of viscous-inviscid interactions, in which
the boundary-layer and wake solutions are matched with the
external inviscid flow by interactive means. This has gained
considerable popularity in recent years. McDonald and
Briley® have presented a review of this approach with par-
ticular emphasis on the so-called inverse boundary-layer
calculation methods. The physical assumption underlying
these methods is that the boundary-layer equations are valid
over the trailing edge (and even in regions of “‘small”’
separation). The singularity of these equations in the direct
mode (at the trailing edge and at separation) is avoided by
the interaction with the external flow provided appropriate
solution algorithms are used. The second approach seeks
numerical solutions of either the complete Navier-Stokes
equations or the less general partially-parabolic (or
““parabolized” or ‘‘semi-elliptic’> Navier-Stokes) equations.
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This paper is concerned with the solution of the Navier-
Stokes equations using an extension of a numerical method
which has been developed for the solution of the partially
parabolic equations for application to laminar and turbulent
flows around complex three-dimensional bodies. Although
the extended method can be used also for such flows, the ap-
plication to the simple case of two-dimensional laminar flow
at the trailing edge of a flat plate is motivated by the need to
establish the method’s capabilities and limitations by com-
parison with solutions obtained by other means. A systematic
study of the influence of the boundary conditions and the size
of the numerical-solution domain is made to explore the extent
of the viscous-inviscid interaction at the trailing edge at a
Reynolds number of 10°. Comparisons with other solutions at
this Reynolds number show that solution domains employed
in previous numerical studies may have been too small to cap-
ture the entire viscous-inviscid interaction. Some defects of the
commonly accepted triple-deck solutions are also identified.

II. Outline of the Solution Procedures

A detailed description of the general numerical approach
employed here is given in Chen and Patel.” For general ap-
plications, the method uses numerically generated coor-
dinates, solves the partially parabolic transport equations for
the velocity components and turbulence parameters by the
finite-analytic scheme of Chen and Chen,%? and uses a two-
step global algorithm to obtain the pressure by satisfying the
continuity equation. It is a multi-sweep, time-marching
scheme which can be used for steady as well as unsteady
flows, and can be readily extended to fully elliptic equations.
For the problem considered here, the turbulence model is
suppressed but the method has beem extended to the full
Navier-Stokes equations. However, the structure of the basic
method is retained intact. Thus, the computational grid is
generated numerically although it is recognized that much
simpler alternatives are available for the case of a flat plate.
In a similar vein, the original formulation in primitive
variables is retained while recognizing that suitable transfor-
mations for this simple problem can be devised to ensure
better accuracy and numerical efficiency. In the following,
we shall briefly describe the equations and solution pro-
cedures as they apply to the flat plate.

A. Equations

In Cartesian (x,y) coordinates with the origin at the
leading edge, x along the plate, and y normal to it, the
Navier-Stokes equations are:
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where the velocity components (u,v), pressure p, time ¢, and
coordinates (x,y) are nondimensionalized in the usual way by
the freestream velocity U, the plate length L, and fluid den-
sity p, R=UL/v is the Reynolds number and » is the
kinematic viscosity.

B. Numerical Grid

The foregoing equations are solved in transformed coor-
dinates (£,%) which are defined by the Poisson equations:
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where f! and f? are the grid-control functions which are
chosen a priori to obtain the desired distribution of points in
the physical (x,y) space. The grid is generated by the solution
of the inverted forms of Egs. (4) and (5), i.e.,
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gl =(x2+y2)/g, g%=—(xx,+yy,)/8
2= 03+yh)/8,  g=(xgy, —xy;)’ ®

and the subscripts & and % denote derivatives. For the
calculations presented herein, the grid-control functions have
been assigned the following forms
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where £, and £, correspond to the leading and trailing edges,
respectively. The positive constant values of A, 4,, and A;
can be selected to yield the desired grid concentrations near
the leading and trailing edges and close to the plate.
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Using these rather simple control functions, Egs. (6) and
(7) can be locally linearized in each numerical element shown
in Fig. 1, as
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where a and b are constants defined by
1
= __fT b= _L (12)
2g" p 2% |p

Equations (10) and (11) were solved analytically in each
numerical element. A set of algebraic equations is then ob-
tained by evaluating the analytic solutions at the central node
P of the local element:
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Fig. 2 A partial view of the numerical grid (0 <x<1.0 is the plate).
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The assembly of Eqgs. (13) and (14) for all numerical
elements results in a set of simultaneous algebraic equations
which can be solved directly by a tridiagonal-matrix algor-
ithm. Also, the first derivatives which appear in the geomet-
ric coefficients of the coordinate transformation can be writ-
ten as

2a
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A partial view of a typical numerical grid, generated with
A,;=0.15, A,=0.1, and 4,=0.2, is shown in Fig. 2. Here,
105 x stations are used in the domain 0<x<39.72, and with
£=1 at the leading edge (x=0), £=61 at the trailing edge
(x=1), and £=105 at x=39.72; and 35 y stations are used in
the domain 0<y< 12, with =2 on the plate (¥ =0), n=236
at the outer boundary (y =12), and the symmetry conditions
y(1)= —y(3) specified at y=0. In the following calculations,
only a part of this grid is used, depending on the location of
the boundaries of the solution domain. Also, to study grid
dependence, alternate points in this grid were omitted in the
x and y directions to obtain coarser grids.

C. Numerical Scheme

Using the coordinates described above, Eqgs. (1) and (2)
can be written in the transformed plane (£,7) as
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and the equation of continuity [Eq. (3)] becomes
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where
bl=y,, bi=x, J=xy,
git=1/x2, g2=1/y2
Equations (17) and (18) may be written in the standard form
gV +82¢,, =246, +2B,0, + R, + S, (20)

where
d=u,v

A,=A,=%{(R/Dblu—f'}, B,=B,=%{(R/J)blv—s2}

S,=(R/Dblp,  S,=(R/J)b3p,
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These are solved by the finite-analytic method of Refs. 8 and
9 assuming that the pressure field is known. The continuity
equation [Eq. (19)] is then used to update the pressure field.
These procedures are outlined in the following.

The Finite-Analytic Method

In the finite-analytic approach, Eq. (20) is first locally
linearized in each numerical element (Af=An=1) by
evaluating the coefficients of the convective terms at the in-
terior node P (Fig. 3), i.e.,

g}}(bgg +g%32¢1,,, =2(A4) pd; +2By) pd, + RS, + (S,)p (21)

Introduction of coordinate-stretching functions £* = E/\/g_}ol N
7* =n/vg¥ then leads to

Gpope + Ppoyge =2A¢; +2Bb, . + R, + (S,) p 2

where A =(A,)p/Ngt, B=(B,)p/Ng%. For a local element
with dimensions Af*=h=1/Vgl', Ay*=k=1/Vg¥, Eq.
(22) may be written

.¢n'n" = 2B¢nt +G (23)

where G= (2A¢:. — d;ope + R, +S,)p is the source function
evaluated at the node P. In the present study, the £*
derivatives are approximated by an exponential-linear
scheme, while the time derivatives are approximated by a
backward-difference formula, such that

24¢; — Ppepr = (Cy+ Cplop—Cydy—Cpdp 249
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where the subscripts U and D denote the upstream and
downstream nodal values, respectively, superscript (n—1)
denotes the nodal value at the previous time step, and 7 is
the time step.

When the boundary conditions along the sides of the ele-
ment are expressed in terms of the nodal values, Eq. (23) can
be solved analytically in each numerical element. A finite-
analytic discretization formula is then obtained by evaluating
the analytic solution at the point. P in terms of surrounding
nodal values:

¢p=Cnen+Csdps—CpG (25)
where
e Bk ebk k tanhBk
Cy=——"—— Co=—————— pm—
2 coshBk 2 coshBk 2B

By substituting the nonhomogeneous term G of Eq. (23)
into Eq. (25), a six-point finite-analytic discretization for-
mula for unsteady, two-dimensional, elliptic equations can
be obtained:

1

P =T ColCyt Cp ¥ (R/D)]

[CN¢N + Csog

R
+Cp <CU¢U+CD¢D t— ¢‘}"_1> —Cp(5¢)p] (26)
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It is seen that ¢, depends upon ¢, and ¢g at the current sta-
tion as well as the values at the upstream and downstream
nodes ¢, and ¢, and the values at the previous time step
(n—1). When the cell Reynolds number 24 becomes large,
Cy—2A/h and Cp—0, and Eq. (26) reduces to the partially
parabolic formulation of Chen and Patel,” which used
Cy=2A/h and Cp,=0. Thus, the extension of the partially
parabolic method to a fully elliptic one is straightforward
and if ¢, is obtained from the previous time step the same
algorithms can be employed. Since Eq. (26) is implicit, both
in time and space at the current station of calculation, its
assembly for all elements leads to a set of simultaneous
algebraic equations. These equations are solved directly by
the tridiagonal-matrix algorithm.

Pressure Correction via Continuity Equation

If the pressure is known a priori, Eq. (26) can be
employed directly to solve Eq. (20) for # and v. However,
since the pressure is not known, it must be determined by re-
quiring the velocity field to satisfy the equation of continu-
ity. In the present study the SIMPLER algorithm of
Patankar!® is employed to update the pressure field.

The actual velocity field (u,v) is decomposed into a
pseudovelocity field (i#,9) plus the pressure gradient terms
contained in the source functions, i.e.,

uy=ty—d;(pp—pp)
v, =0,~d,(py—Pp) @n

where
doe (Rb1)4Cy
d Jd{l+cd[CU+CD+(R/T)]d}

y (Rb3),C,
" T 14+ C[Cy+ Cp+ (R/T)],}

and C; and C, are the finite-analytic coefficients Cp
evaluated at the staggered velocity nodes d and »n shown in
Fig. 3. Note that the pseudovelocities contain no pressure
terms, and can be evaluated directly from the information
known at a previous iteration or time step. If we require the
velocity field to satisfy the discretized equation of continuity,
namely

(biw) 4= (biu), + (b3v),,— (bv,) =0 28)

an equation for pressure can be derived:

-~

appp=aupp+a,py+a,pn+aps—D 29)

where

ad_——(bnddd’ au=(b})udu

a,=(b3),d,, a;=(b3)d,

ap=ay+a,+a,+a
D= (bld),— (bld), + (b3D), — (B3D),

The solution to Eq. (29) enables the pressure to be obtained
directly from an estimated velocity field, and the slow con-
vergence usually encountered in the SIMPLE alogorithm is
avoided.

Although the guessed pressure field can be updated
directly by Eq. (29), in practical applications the new
pressure field may produce a velocity field which violates the
equation of continuity. In order to improve this imperfect
velocity field, the pressure-correction equation used in the
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SIMPLE algorithm is employed here, i.e.,
apPp =aqPp +a,py+a,py +aps—D* (30)
with
D* = (bju*)g~ (bju*), + (B3v*),, — (b3v*);

where (u*,v*)is the imperfect velocity obtained from the im-
perfect pressure field p*, and p’=p—p* is the pressure-
correction, The improved velocity field based on this
pressure-correction is then given

ug=ug—dy(pp—pp)
v, =v; —d,(PN—DPp) @31

where the coefficients ap, a4, dy, etc., are as defined in Eq.
(29).

D. The Complete Solution Procedure

The overall numerical solution procedure for the present
steady-flow calculations may be summarized as follows:

1) Construct the coordinate system and calculate the
geometric coefficients bi, g¥, J, etc.

2) Specify the velocity profile at the initial station; set
p=0 everywhere initially.

3) Calculate the finite-analytic coefficients for pressure,
pressure-correction, and momentum equations at the down-
stream station. Store only the finite-analytic coefficients for
the pressure equation.

4) Solve the momentum equations based on the guessed
pressure field to obtain the starred velocity field (u*,v*). The
resulting system of algebraic equations is solved by
tridiagonal-matrix algorithm.

5) Calculate the mass source D*, and solve the pressure-
correction equation by tridiagonal-matrix algorithm.

! i
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Fig. 3 Node arrangement and location of variables.

——

Fig. 4 Schematic of the solution domain.
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6) Correct the velocity field using the velocity-correction
formula, but do not correct the pressure field.

7) Calculate D based on the updated velocity field.

8) March to downstream station and repeat steps 3-7.

9) After reaching the most downstream station, solve the
pressure equation by tridiagonal-matrix algorithm. Several
sweeps from downstream to upstream are used to update the
pressure field.

10) Return to step 2 and repeat steps 2-9 with the updated
pressure field for several sweeps until both the pressure and
velocity fields have converged.

IIl. Influence of Solution Domain
For the flow in the trailing-edge region, we seck a solution
in the domain shown schematically in Fig. 4, i.e.,
X, <xX<Xy4 0=<y=<y,
where the subscripts denote the upstream, downstream, and

outer boundaries, respectively. The following boundary con-
ditions are applied at the edges of the domain:

Upstream: X=X,; u(y) from Blasius, v, =0
Downstream: X=Xy Dy =U, =0, =0
Plate: y=0,x<1; u=v=0

Wake centerline: y=0,x>1; wu,=v=0

Outer: y=Yo u=1,p=0

With the exception of the specification of the normal veloc-
ity v at the upstream station x,, these boundary conditions
require no comment. Systematic studies were first conducted
with different distributions of the normal velocity at x,.
These revealed that the calculated pressure field was rather
sensitive to the distribution of v outside the boundary layer.
It has been suggested by Rubin and Reddy!! that the
assumption of zero streamwise gradient, v, =0, is perhaps
the most appropriate since it is consistent with the boundary-
layer approximations and ensures irrotationality of the flow
outside the boundary layer. We have also adopted this pro-
cedure. The profiles of v calculated with this assumption
were found to be in excellent agreement with the Blasius
solution inside the boundary layer. However, from the
results to be presented, it will be seen-that this assumption is
inconsistent with the full Navier-Stokes equations and leads
to a local influence of the initial conditions on the solutions.

0.1349<x<39.44, O<y<i2, 39xI9 grid
— Sueep = 1, 20, 40, 60, 80, 100
-~ Sweep =10, 30, SO, 70, 90

0.010

0.005
"

-0.005 0.000

1

-0.010

-0.015

0.0 n.2 0.4 0.6 0.8 1.0 t.2 1.4 1.6

Fig. 5 Convergence history: pressure distribution.
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With regard to the size of the calculation domain, most
previous numerical solutions of the trailing-edge problem
(see, for example, Ref. 11 and 12) have used x,=0.5 and
x;=1.5, with y, of the order of 0.2-0.4. Saint-Victor and
Cousteix,'? who used y, =0.224 and 0.336, observed that the
calculated pressure distribution on the plate and along the
wake centerline was sensitive to the location of the outer
boundary. In the present study, therefore, we have varied the
locations of the boundaries x,, x;, and y, over a wide range
to study the influence of the size of the solution domain. The
solutions were examined with respect to all details, including
the shapes of the velocity profiles in the boundary layer and
the wake. In the interest of brevity, however, we shall pre-
sent only three quantities which are of special interest,
namely the pressure coefficient p on the plate and along the
wake centerline, the skin-friction coefficient ‘/sz\/TQ at the
plate, and the variation of velocity u, along the wake
centerline. Finally, we note that all calculations correspond
to a R=10%, the value used by most previous investigators.

A. Convergence and Grid Dependence

Two important measures of the performance of the
numerical method are the number of iterations required to
obtain a converged solution and the influence of the grid.
The most critical quantity to- be examined in this regard is
the pressure distribution since it is much more sensitive than
either the friction coefficient or the velocity field.

Figure 5 shows the convergence of pressure in a typical
calculation. It is seen that the solution converges in about 40
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Fig. 6 Influence of outer boundary.
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Fig. 7 Influence of upstream boundary.

iterations. This relatively rapid convergence is due to the
downstream-to-upstream sweep in the solution of the
pressure equation which transmits the pressure information
upstream much more rapidly than in the downstream-
marching techniques used previously.

Calculations were performed with three different (x,»)
grids in the solution domain 0.12<x<40, 0<y< 12, namely
(77 % 36), (58 x28), and (39x 19). Refinement of the grid led
to diminishing incremental changes in pressure, but the two
finer grids gave identical friction coefficients and velocity
distributions. In view of this, the final results presented in
Sec. IV were obtained with the finest grid, which is shown in
Fig. 2, but the calculations to study the influence of domain
size discussed in the remainder of this section were per-
formed with the coarse grid.

B. Influence of Outer Boundary, y,

With upstream and downstream boundaries located at
x, =0.1349 and x,; =39.44, solutions were obtained with four
different values of y,;, ranging from 0.2198, which cor-
responds to that used in Ref. 12, to as large as 12.0. From
the results presented in Fig. 6, it is clear that the friction
coefficient and the wake centerline velocity are not very sen-
sitive to the location of the outer boundary, but the pressure
distribution shows a systematic dependence. The trend with
increasing y, is similar to that observed in Ref. 12, but the
present results indicate that the outer boundary must be
located at distances of the order of two plate-lengths in order
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to capture the viscous-inviscid interaction and for the solu-
tion to be independent of the location of this boundary.

C. Influence of Downstream Boundary, x,

Calculations were performed with the downsteam bound-
ary located at several positions, ranging from x,~ 1.5, as in
some previous calculations, to x,;~40, which is in the far
wake. It was observed that the flow over the plate and in the
near wake was quite insensitive to the choice of x, in this
range but the pressure distribution in the wake showed small
but consistent differences. This suggested that x,~1.5 may
be too small to insure a proper prediction of the pressure
recovery in the far wake.

D. Influence of Upstream Boundary, x,

The influence of the location of the upstream boundary is
shown in Fig. 7. We note a systematic and quite dramatic
dependence of the solution on the choice of this boundary.
The skin friction coefficient departs gradually from the
Blasius solution and the increase in C; above the Blasius
value near the trailing edge is somewhat smaller as the initial
conditions are applied further upstream. Also, the. wake
centerline velocity recovers more slowly with decreasing x,,.
However, the most dramatic effect of changing x, is seen in
the pressure distribution.

At this point it is important to note a general feature of all
the solutions presented thus far. Examination of the pressure
distribution shown in Figs. 5-7 reveals that the predicted
pressure at the most upstream station is always zero and, as
the initial station is moved upstream, there is a sharp drop in
pressure over a short distance. Both of these features are due
to the assumed initial conditions. The zero pressure at the in-
itial station is consistent with the boundary-layer type (u
from Blasius, v, =0) initial conditions imposed, and the drop
in pressure simply indicates that these are not consistent with
the subsequent solutions of the full Navier-Stokes equations.
Thus, it appears that a complete solution, with no dependence
on the initial conditions, can be obtained only if the flow over
the leading edge is also resolved. Although the present calcula-
tion method can be extended to include the leading edge, for
the purpose of this paper all subsequent calculations were per-
formed with x, =0.1224~0.1349, depending upon the grid
used, since Fig. 7a indicates an approach to a unique solution
as the initial station is moved upstream and Fig. 7b shows little
influence, if any, of the initial conditions on the velocity field
and friction on the plate for x, <0.2.

IV. Large-Domain Solutions
and Comparisons with Other Methods

From the results presented in the previous section it is
clear that the solution of the Navier-Stokes equations for the
trailing-edge flow depends upon the size of the computation
domain, and that the domains used by previous investigators
have not been large enough to obtain domain-independent
solutions. Although the present method recovered the main
features of the previous solutions when comparable solution
domains were used, detailed comparisons are not particularly
useful. Instead, it is of interest to compare our results with
the largest solution domain, which are independent of the
domain size, with those obtained by other, quite different
methods, namely, the triple-deck formulation and interactive
boundary-layer theory. For this purpose, we have selected
the triple-deck results of Melnik and Chow* and Veldman
and van de Vooren,’ which are essentially identical but im-
provements upon the previous ones of Jobe and Burggraf,?
and the interactive solutions of Veldman.!® Initially, it was
thought that our results with the largest solution domain
should agree with the results of these two approaches.
However, this turned out not to be the case for reasons we
shall now explore.
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Fig. 8 Comparisons with other solutions.

First, we recognize that the triple-deck and the interactive
boundary-layer calculations are also numerical solutions and,
as such, involve a choice of solution domains and boundary
conditions, in addition to the numerical schemes. Veldman!?
has presented solutions for R=10°. He assumed that the
interaction is confined to the region 0.5<x<1.5, and im-
posed the Blasius solution upstream and zero pressure-
gradient condition, or its equivalent, downstream. The
boundary-layer equations were then solved in the inverse
mode in the region 0<y<76*/L, where 6* is the displace-
ment thickness. At the trailing edge, this corresponds to
0<y<0.038. Three (x,y) grids were employed: 41x21,
81x 41, and 121 x 61, and the solution was found to change
with grid refinement. For example, the corresponding
trailing-edge pressure was —0.0116, —0.0126, and —0.0130.
Melnik and Chow, on the other hand, solved the boundary-
layer equations, appropriate for the lower deck, in the region
—17<x*<20.8, 0<y*<8, where x* and y* are the trans-
formed triple-deck coordinates. For R=10°, this cor-
responds approximately to 0.10<x<2.10, 0<y<0.014. The
Blasius solution again provided the initial conditions. At the
downstream boundary, the solution was matched to the
u.~x% intermediate-wake solution of Goldstein.!* Subse-
quently, we shall see that this is responsible for some of the
differences between the present results and the commonly ac-
cepted triple-deck results. In both the triple-deck and the in-
teractive boundary-layer calculations, the boundary condi-
tions at the outer edge of the solution domain are established
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Fig. 9 Wake centerline velocity in triple-deck and defect
coordinates.

through compatibility with an inviscid solution that includes
the boundary-layer and wake displacement effects. These
details of the previous solutions have to be taken into con-
sideration in evaluating the comparisons with the present
results presented herein.

The three sets of results are compared in Fig. 8. It is evi-
dent that the present method predicts a lower trailing-edge
pressure (—0.0152) than the triple-deck value of —0.0128
and the value of —0.0130 obtained by Veldman!® with the
finest grid. Further differences are observed in the pressure
distribution over the plate and in the wake. The three solu-
tions are in somewhat better agreement with respect to the
shear stress on the plate, but the wake centerline velocity
shows systematic differences.

On the plate, the difference between the present results
and those of Veldman'? are primarily due to the different in-
itial conditions. In Veldman’s interactive calculations, the
pressure is assumed to be zero at x=0.5, whereas the present
calculations indicate that the interaction penetrates further
upstream. Indeed, as shown in Fig. 7a, the present method
predicted results very similar to those of Veldman when the
initial conditions were applied at x=0.5. The earlier depar-
ture of the friction coefficient from the Blasius value in the
present solutions confirms the greater extent of the
interaction.

In the wake, Fig. 8a shows that the present calculations
predict a faster recovery to ambient zero pressure with a
much smaller positive over-shoot pressure, while the triple-
deck and interactive boundary-layer solutions predict a
slower recovery and greater overshoots. These differences
are consistent with those in the wake centerline velocity
distributions shown in Fig. 8b and replotted in Fig. 9 in
triple-deck coordinates, x* =\"*R¥8x and uX*=N\""*R"3u,,
with A =0.332, the constant in the Blasius solution. Also in-
cluded is the classical, noniteractive, parabolic solution of
Goldstein.!*

Figure 9 clearly shows that the present calculations are in
agreement with the Goldstein solution'* beyond a certain
distance form the trailing edge. In the near wake, we observe
departures from the Goldstein solution identical with those
predicted by the triple-deck calculations. However, it is also
clear that the Goldstein solution departs from the in-
termediate x'/3 power behavior, assumed for the downstream
matching condition in the triple-deck calculations, well
before the station (x*=20.8, x=2.10) where Melnik and
Chow* matched their solutions with the x'/3 wake. Since the
pressure distribution in the triple-deck calculations is criti-
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thickness at the trailing edge.

cally dependent on the downstream boundary conditions, it
appears that the differences between the present results and
those of the triple-deck calculations (in both the pressure and
wake centerline velocity distributions), originate from the
improper numerical treatment of the downstream flow in the
latter method. In other words, requiring the velocity to vary
as x'/3 far downstream implies pressure gradients that are
not present if the correct asymptotic conditions in the far
wake are imposed. These pressure gradients when integrated,
lead to the larger pressures in the near wake, and since the
trailing-edge pressure is used to match the pressure distribu-
tion on the plate, the error propagates upstream.

The behavior of the wake centerline velocity at large
distances from the trailing edge is illustrated in Fig. 9. It is
seen that the present large-domain solution correctly predicts
the well known asymptotic velocity-defect result (1~u,)
~(—-x)"". It is also interesting to note that, at the
Reynolds number considered here, the asymptotic state is
achieved only after a distance of the order of 15 plate lengths
from the trailing edge.

The preceding observations do not of course explain the
differences between the present results and those of the in-
teractive boundary-layer method of Veldman.!® However, as
noted earlier, Veldman assumed that the viscous-inviscid in-
teraction is confined to the region 0.5<x<1.5. We have
already commented on the influence of the upstream bound-
ary. In addition to this effect, Fig. 9 suggests that the
downstream boundary also may not be far enough to capture
the interaction. Furthermore, it should be recognized that
Veldman’s solutions are those of the boundary-layer equa-
tions while the present solutions are those of the complete
Navier-Stokes equations and take into account the variation
of pressure through the viscous domain.

In order to explore the assumptions underlying the triple-
deck and interactive boundary-layer formulations, it is in-
structive to examine the variation of pressure in the normal
direction predicted by the present calculations. This is shown
in Fig. 10. It shoud be pointed out that this figure shows
only a small part (y<0.04) of the total solution domain,
which extends to y =12, where p=0 is enforced. Also shown
for reference, is the thickness of the Blasius boundary layer
at the trailing edge and the triple-deck variable y*=
N4R5/8y. Clearly, the present results confirm the assumption
of constant pressure in the lower deck of the triple-deck for-
mulation. Although the bulk of the pressure variation occurs
in the inviscid flow outside the boundary layer, there is a
region of the order of one boundary-layer thickness on either
side of the trailing edge, in which significant variations of
pressure are observed within the boundary layer. This is the
region in which the assumptions of interactive boundary-layer
theory are not valid.
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Finally, we note that the present calculations were per-
formed with a numerical scheme appropriate for the full
Navier-Stokes equations. However, for the simple case of a
flat plate and the large Reynolds number of 10° considered
here, there is practically no difference between the Navier-
Stokes solutions and those of the partially parabolic equa-
tions because the effect of longitudinal diffusion neglected in
the latter is confined to a region very close to the trailing
edge which is too small to be resolved even by the finest grid.
This was verified by numerous calculations with the reduced
equations, which, as explained in Sec. II, could be ac-
complished quite simply by using the limiting forms of the
coefficients in Eq. (24). The two solutions will deviate
however, as the Reynolds number decreases. Furthermore,
the present numerical scheme can be used for other, more
complex shapes, with or without separation and for the
leading edge problem.

V. Conclusions

The present study may be summarized as follows:

1) It has been shown that numerical solutions of the flow
over the trailing edge are quite sensitive to the size of the
solution domain. Most previous studies have used domains
which were too small in all directions to obtain a domain-
independent solution. )

2) The present large-domain solution is in agreement with
the triple-deck solutions in the boundary layer ahead of the
trailing edge and in the near wake, with Goldstein’s inter-
mediate wake solution,'* and with the asymptotic wake
solution.

3) At a Reynolds number of 10°, the wake reaches an
asymptotic state after a distance of about 15 plate lengths
from the trailing edge.

4) The present solution confirms the assumptions concern-
ing the constancy of pressure in the lower deck in the triple-
deck formulation, and the validity of the interactive bound-
ary-layer formulation outside a region of the order of one
boundary-layer thickness around the trailing edge.

5) The dependency of the numerical solutions of the
assumed initial conditions for the normal velocity can best be
removed by considering the flow over the entire plate, i.e.,
by also including the leading edge within the computational
domain and prescribing uniform-flow conditions far
upstream. Such an extension of the present solutions is in
progress.
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